Frey Curves
Fermat learned his number theory from the books of Diophantus; it was in the margins of his copy that he wrote down that he had discovered a truly marvelous proof of the fact that X n + Y n = Z n has no solutions in natural numbers for n > 2, and that the margin was too small to contain it. The books of Diophantus, including these remarks, were published posthumously by his son. By the early 1800s, all of Fermat's theorems, claims and conjectures had been settled except for this one, which then became known as Fermat's Last Theorem.
The idea that led to the proof by Wiles is due to Frey, who, for any triple A, B, C of integers with A + B + C = 0 considered the elliptic curve E A,B,C : y 2 = x(x − A)(x + B).
Its discriminant is ∆ = 16A 2 B 2 (A + B) 2 = 16A 2 B 2 C 2 . It seems to be a conincidence (?) that the modular curve X 0 (15) is the elliptic curve y 2 = x(x − 9)(x + 16) attached to the Pythagorean triple (3, 4, 5); in particular, this curve is modular.
Frey's idea was that the curves E A,B,C for a Fermat triple A = a p , B = b p , C = −c p have properties that imply it cannot be modular; since the conjecture of Taniyama-Shimura predicts that such curves do not exist, Fermat's Last Theorem would be a consequence of a proof of the Taniyama-Shimura conjecture.
Actually, Wiles could only prove that semistable elliptic curves are modular. Recall that an elliptic curve E defined over Q has good reduction at p if the reduction modulo p of E is nonsingular. If E has bad reduction, then there are several cases:
• The reduction modulo p of E has a node; then we say that E has multiplicative reduction. We also distinguish between split (the slopes of the tangents at the node are defined over F p ) and non-split (the slopes of the tangents are defined F p 2 only) reduction.
• The reduction modulo p of E has a cusp. Then we say that E has additive reduction.
The notation here comes from the fact that if E has additive reduction, then E ns (F p ) is isomorphic to the additive group of F p . In the case of multiplicative reduction, E ns (F p ) is isomorphic to the hyperbola or the unit circle over F p . Now a semistable elliptic curve is one with good or multiplicative reduction. The prime with bad reduction divide the discriminant ∆(E) (isomorphisms of elliptic curves change ∆(E) by 12th powers; we will always work with elliptic curves whose discriminant is minimal among its isomorphism class). The conductor N (E) is a number having the same prime factors as ∆(E): 
These conditions can always be satisfied since exactly one of the three numbers is even, and since we can always replace a by −a if necessary.
Galois Representations
Let Q be the algebraic closure of Q. Its Galois group G Q = Gal (Q/Q) is the inverse limit of the Gal (K/Q), where K/Q runs over the finite normal extensions of Q, and therefore carries the profinite topology (called Krull topology when we talk about Galois groups; it was Krull who introduced it in order to save the main theorem of Galois theory for infinite extensions; inverse limits were later invented by Herbrand).
A representation of a group G is a homomorphism into the general linear group of some ring (classically, into the automorphism group of a vector space). The rings we will have to work with are called coefficient rings: these are complete Noetherian local rings with finite residue field of characteristic p. Note that local rings A have a unique maximal ideal m; the field A/m is called the residue field of A. The simplest example of such a ring is the ring A = Z p : its unique maximal ideal is (p), the ring is complete with respect to the induced valuation (all Cauchy sequences in Z p converge), it is Noetherian, and the residue field Z p /pZ p F p is finite of characteristic p. Now a Galois representation over A is a continuous group homomorphism
Note that G Q has the Krull topology, and GL n (A) the subspace topology induced from A n 2 . As a matter of fact, we will be only interested in 2-dimensional Galois representations (those with n = 2).
Roots of Unity. Let ζ m = exp(2πip −m ) be a p m th root of unity. Raising everything to the p-th power induces a homomorphism µ m+1 −→ µ m , and these make Now the group G Q acts on the groups µ m , and this makes T p (µ) into a G Qmodule. It is the Galois action that makes T p (µ) into an interesting object. In order to understand the Galois action, let us make the isomorphism T p (µ) Z p explicit. The element ζ = (ζ 1 , ζ 2 , ζ 3 , . . .) is an element of the projective limit T p (µ). It is an easy exercise to show that every element of T p (µ) can be written uniquely as ζ a for some a = (a 1 , a 2 , a 3 , . . .) ∈ Z p ( we say that T p (µ) is procyclic); here
then is a 1-dimensional p-adic representation, or, in our terminology, a 1-dimensional Galois representation over Z p . For example, if σ denotes complex conjugation, then a(σ) = (−1, −1, −1, . . .) = −1 because σ maps every root of unity to its inverse. Another example is given by the automorphisms restricting to the Frobenius automorphism σ for primes = p: it is an easy exercise to show that ρ p (σ ) = .
Elliptic Curves. Let E be an elliptic curve defined over Q. The groups
E m is called the Tate module of E (with respect to the fixed prime p).
is a free Z p -module of rank 2. As above, T p (E) is also a G Q -module. Fix two generators P, Q ∈ T p (E); then every σ ∈ G Q acts on the generators via σ(P ) = aP + bQ, σ(Q) = cP + dQ for a, b, c, d ∈ Z p . This defines a map
and the fact that σ is invertible implies that the matrix ρ p (σ) is invertible too. Thus we have a homomorphism
and since the map can be shown to be continuous, this defines a 2-dimensional Galois representation over Z p . You can think of these representations of lifts of the representations ρ p : G Q −→ GL 2 (Z/p) modulo p defined by the action of the absolute Galois group of Q on the p-torsion of E.
As an example, consider the elliptic curve E :
. If the restriction of σ to K is the nontrivial automorphism of K/Q, then P σ = Q, Q σ = P , and therefore ρ 2 (σ) = ( 0 1 1 0 ). Thus ρ 2 (G Q ) has only two elements. Now let us look at E :
has degree 6 and Galois group Gal (K/Q) = S 3 , where S 3 = σ, τ with σ :
and where σ 3 = τ 2 = id and στ = τ σ 2 .
How does Gal (K/Q) act on E[2]?
We have P σ = Q, Q σ = P + Q, hence any lift of σ to G Q (which we will still denote by σ) maps to ρ 2 (σ) = ( 0 1 1 1 ). Similarly, P τ = Q, Q τ = P , hence ρ 2 (τ ) = ( 0 1 1 0 ). It is now easy to compute the following table: id σ σ 2 τ στ σ 2 τ
S 3 . By considering the action of G Q on E[4] one gets matrices in GL 2 (Z/4Z); continuing all the way up to E[2 ∞ ] gives a Galois representation ρ 2 : G Q −→ GL 2 (Z 2 ); composing ρ 2 with the natural projection Z 2 −→ Z/2Z then gives us back the mod 2 representation ρ 2 computed above.
Local Fields
Galois representations ρ p : G Q −→ GL 2 (Z p ) are used for studying the hardly understood group G Q via the images of homomorphisms in well understood groups like GL 2 (Z p ). We can make the left hand side more manageable by cutting it into little -adic pieces.
To this end, note that Q ⊂ Q v for v = (canonically); if K is a finite normal extension of Q and w a prime ideal in K above v, then K → K w (canonically), and we have Gal (K w /Q v ) → Gal (K/Q): in fact, Gal (K w /Q v ) can be identified with the decomposition group of w in Gal (K/Q). Choosing a different prime ideal w results in a conjugate subgroup of Gal (K/Q). By taking the inverse limit we find an embedding Q → Q p and a corresponding monomorphism G Q = Gal (Q /Q ) → G Q , which is defined up to conjugacy. Now to every global Galois representation ρ : G Q −→ GL 2 (Z p ) we can attach a family of local Galois representation ρ| defined as the composition of G Q −→ G Q −→ GL 2 (Z p ). Note that we also include the case = ∞, where Q ∞ = R, Q ∞ = C, and G Q∞ = Gal (C/R) = c , where c denotes complex conjugation.
The local representations are simpler objects, and the hope in situations like these is to have some kind of local-global principle that would allow us to construct a global object out of the local data. Now let ρ be a Galois representation. We say that ρ is odd if det ρ(c) = −1, where c is complex conjugation. For example, the 1-dimensional representation on the roots of unity is odd. We say that ρ is unramified at if I ⊆ ker ρ| . Finally, ρ is called flat at p if for every nonzero ideal a ⊆ Z p the representation G Qp −→ GL 2 (Z p /a) (this is the composition of ρ| p and reduction modulo a) extends to a finite flat group scheme over Z p (whatever that means).
Theorem 2. Let ρ p : G Q −→ GL(Z p ) be the p-adic Galois representation of an elliptic curve E defined over Q, and let N denote the conductor of E. Then
(1) det ρ p = χ p ; (2) ρ p is unramified outside pN . In particular, ρ p is odd because det ρ p (c) = χ p (c) = −1. If E is semistable with minimal discriminant ∆, then the representation ρ p : G Q −→ GL 2 (F p ) has the following properties:
(1) ρ p is unramified at primes = p if and only if p | v (∆) (the exponent of in the prime factorization of ∆ is divisible by p); (2) ρ p is flat at p if and only if p | v p (∆).
Modular Forms
Let me recall that modular forms are meromorphic functions on the upper halfplane that behave nicely under the action of subgroups like Γ 0 (N ) of SL 2 (Z) and are holomorphic at the cusps. Cusp forms are modular forms that vanish at the cusps. Let S(N ) denote the space of cusp forms of weight 2 with respect to Γ 0 (N ); this is a finite dimensional C-vector space of dimension g, the genus of the curve X 0 (N ).
Hecke operators are objects T n that act on almost everything connected with Γ 0 (N ). In particular, the T n act on S(N ), that is, if f ∈ S(N ), then so is T n f ; actually it is customary to write f |T n instead of T n f .
We say that f ∈ S(N ) is an eigenform for T n if f |T n = λf for some λ ∈ C. Normalized eigenforms in S(N ) are cusp forms f = n≥1 a n q n in S(N ) with a 1 = 1 and the property that they are simultaneous eigenforms for all Hecke operators T n .
Proposition 3. If f ∈ S(N ) is an eigenform, then the eigenvalues are just the coefficients of f , i.e., f |T n = a n f . Moreover, the a n are algebraic numbers, and F = Q(a 1 , a 2 , a 3 , . . .) is a finite extension of Q.
Taniyama-Shimura
Let E be an elliptic curve defined over Q. To E we associate its L-series L(E, s) = n≥1 a n n −s . The conjecture of Taniyama and Shimura originally said that there E is parametrized by some modular curve, i.e. there is a nonconcstant morphism X 0 (N ) −→ E for some integer N . Later it was realized that if there is such an N at all, then it can be taken to be the conductor of E. An equivalent condition is that the Fourier series f = a n q n is a newform of weight 2 and level N .
Ribet's Theorem
Ribet succeeded in proving Serre's ε-conjecture, thereby reducing FLT to the Taniyama-Shimura conjecture. Note that to every newform f Eichler and Shimura have attached a p-adic Galois representation G Q −→ GL 2 (Z p ); let ρ f be the corresponding representation G Q −→ GL 2 (F p ). Then Ribet proved Theorem 4. Let N be a positive integer, a prime dividing N , and f = a n q n a newform of weight 2 for Γ 0 (N ). Assume that the action of G Q on E[p] is absolutely irreducible and that ρ f is unramified at , or that = p and ρ f is flat at p. Then there is a newform g = b n q n of weight 2 for Γ 0 (N/ ) such that
There is an eigenform f = b n q n and a prime ideal l above such that, for almost all primes q,
Then E is modular, i.e., the Fourier series a n q n is a modular form of weight 2 for some Γ 0 (N ).
What this result says is that if the Fourier series f = a n q n attached to E is congruent to a modular form modulo l, then it already is modular. Now start with an elliptic curve E and the Galois representation ρ 3 : G Q −→ GL 2 (F 3 ) on E[3]. Now there is an injective group homomorphism GL 2 (F 3 ) −→ GL(Z[ √ −2 ], and composing ρ 3 with this homomorphism we get a representation σ : G Q −→ GL 2 (C). The image of σ is contained in a subgroup of GL 2 (F 3 ), and its image in PGL 2 (C) is contained in a subgroup isomorphic to S 4 , which is solvable. If ρ 3 is irreducible, then so is σ, and by Langlands-Tunnell, σ is modular. Modifying the corresponding modular form, if necessary, gives us a modular form congruent modulo 3 to ρ 3 . By Wiles' theorem, this means that E must be modular.
What implies that a q ≡ b q mod 5 for almost all primes q. But then the assumptions of Wiles' theorem are satisfied for E with = 5, and this shows that E is modular.
